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A Modified Perturbation Method for Solving Optimal Control
Problems with State Variable Inequality Constraints

W. E. WlLLIAMSON* AND B. D. TAPLEYf

The University of Texas, Austin, Texas

A numerical method for solving optimal control problems with state variable inequality
constraints (SVIC) is developed. The method is an extension of the perturbation method.
The perturbation method is modified so that it can be used to solve intermediate boundary-
value problems that are the results of requiring the trajectory to satisfy SVIC. An example
problem, an altitude-cons trained re-entry trajectory, is solved to illustrate the method.
Results show that the method is a feasible method for producing numerical solutions to con-
trol problems with SVIC.

Introduction

T TNFORTUNATELY, most attempts to solve realistic
U problems in optimal control theory require that in-

equality constraints that are functions of the state and/or
control variables must be satisfied. The introduction of
inequality constraints, particularly state variable inequality
constraints (SVIC), substantially increases the problems
associated with producing an optimal trajectory. In gen-
eral, the application of SVIC results in a multipoint bound-
ary-value problem instead of a two-point boundary-value
problem that is associated with unconstrained optimal
trajectories.

An example of a problem in which SVIC are required to
produce realistic trajectories is the re-entry trajectory con-
sidered in Refs. 4 and 11. The unconstrained high-energy
re-entry trajectories have unacceptable acceleration peaks
and are skip trajectories. Both of these characteristics can
be eliminated by requiring that the trajectory satisfy ap-
propriate SVIC. The desire to develop a second variation
technique that could be used to produce realistic optimal
re-entry trajectories that satisfy the appropriate constraints
provided the motivation for the method developed in this
paper.

There are numerous developments of necessary conditions
for SVIC in the literature. Two of these are shown in Refs.
1 and 2. Recently, new necessary conditions have been
derived by Jacobson et al.3 A penalty function approach is
used which does not require the assumption of boundary
segments. If the order of the constraint is greater than
two, necessary conditions for an extremal which differ from
those derived in Refs. 1 and 2 are obtained. For problems
considered here, the order of the constraints is less than or
equal to two. Hence, all of the necessary conditions in
Ref. 2 agree with those given in Ref. 3.

Several numerical methods have been used to obtain solu-
tions to optimal control problems with SVIC. Generally,
these methods can be divided into penalty function methods
and hard constraint methods. In the first case, a penalty
term related to the constraint violation is added to the per-
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formance index. Then an attempt is made to drive the per-
formance index to its minimum value, which in a limiting
sense should drive the constraint violation to zero. The
penalty function technique has been used in connection with
both the gradient method4-5 and the quasi-linearization6

method. The hard constraint methods attempt to in-
corporate the constraint directly into the problem. A
limiting process is not required. The direct approach has
been used with both the gradient method7 and perturbation
method.8 Comparison of penalty function techniques and
hard constraint techniques using a gradient method indicates
that better convergence characteristics are obtained using
the hard constraint method.7

An alternate approach to the numerical solution of SVIC
is presented by Jacobson.9 He uses a transformation tech-
nique based on early work by Valentine to transform the
SVIC into a singular arc problem. The singular arc prob-
lem is solved by a gradient method or some other method
that will handle this type of problem.

If true optimal trajectories are to be calculated numerically,
then a second variation method capable of incorporating
the SVIC directly into the problem should be used. One
method that is capable of obtaining true optimal trajectories
is developed by Speyer.10 He makes the observation that
some trajectories containing SVIC are separable. This im-
plies that parts of the trajectory not on the constraint bound-
ary may be solved independently and pieced together with
the part on the boundary. With this approach, any method,
including second variation methods, may be used to obtain
the segments off the boundary. However, not all prob-
lems are separable.

Reference 8 develops a linear perturbation method for
solving constrained optimization problems. The method
applies the necessary conditions obtained in Ref. 1. The
full set of n Lagrange multipliers is used along the constraint
boundary, and jumps in the values of the multipliers are
considered to occur only at the time when the trajectory goes
on the constraint. The method exhibits good convergence
characteristics for the problems considered; however, only
very simple examples are solved.

The method presented here for calculating optimal trajec-
tories with SVIC is based on the necessary conditions given
in Ref. 2. These conditions reduce the state space and hence
the number of multipliers while the trajectory is on a con-
straint. There are no jumps in multipliers at the entry
time, as in the previous two methods; however, unknown
multipliers do appear at the exit boundary. A linear per-
turbation method is used to solve the resulting intermediate
boundary-value problem.
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Necessary Conditions for SVIC
The necessary conditions for SVIC summarized below are

derived in Ref. 2. These conditions are obtained by dividing
the optimization problem into segments that lie on the con-
straint boundary and segments that do not encounter the
boundary. The state space is reduced for segments on the
boundary, thereby implying a reduction in the number of
multipliers required. Then the segments are tied together
through corner conditions obtained by requiring that the
first variation vanish. Only one boundary segment is con-
sidered, since necessary conditions for all boundary arcs are
identical to those obtained below. The problem statement
is as follows: extremize

7 = Q(x,t) dt + G(xf,tf) (l)
subject to x = f(x,u,t), K(xf,tf) = 0, x(tQ) = z0s, and S(x,t) <
0, where Q and (3 are scalar functions, x is an n vector of
state variables, u is a scalar control, K is a q vector of terminal
conditions, and x0s is a specified initial state. The initial
time is fixed. The constraint is a scalar function of the state
and possibly the time, and its value is required to be less
than or equal to zero all along the trajectory.

Following accepted notation, a pth-order constraint is
defined as one for which

0 k = 1,. . ., p - 1 (2)
and

Define

(3)

where Sk = dkS/dtk and y is a p vector. The vector y is a
function only of x and possibly t. Note that, in order for
S to be zero all along a boundary segment, it is required that
y = 0 all along the boundary segment. Also, the control
must be determined from Sp = 0 to force the trajectory to
remain on the boundary. Thus, the number of variables
required to describe the trajectory along a boundary arc is
reduced from n to (n — p). Choose (n — p) state variables,
Z, to describe the trajectory along the constraint. In gen-
eral, the Z's will be chosen as (n — p) of the original state
variables x} which are not affected by the constraint. Thus,

and the Z's are chosen such that

|(d2//do;)/(dZ/dx)| ^ 0

(4)

(5)

The last condition allows x to be determined as a function
of y and Z.

The optimization problem can then be divided into arcs
on the boundary and arcs off the boundary. On the bound-
ary, the state is determined from the conditions

Z = g(Z,t) y = 0 (6)

where g(Z,t) is the (n — p) vector of derivatives of the Z
variables along the constraint boundary. The control is
eliminated from the Z equations by using Sp — 0.

The necessary conditions for an extremal with a boundary
segment are thus: at the initial time,

t = 0 x(t0) = xQs (7)
At the final time,

K = 0 \(tf) = Pxf
T H + Pi, = 0 (8)

On unconstrained arcs,
x = ffxr X = -HX

T Hu = 0 (9)

On constrained arcs,

z = (y A = -GZT y = o #> = o (io)
And at each junction point,

H - G + \T(Myt + NZt) = 0 M
r - \TN = 0 (11)

y = 0 Z = Z(X,J)

where the matrices M and N are defined as

[M\N] = (12)
M is an n X p matrix, and N is an n X (n — p) matrix. X
is the n vector of multipliers associated with the z's, and M
is the n — p vector of multipliers associated with the Z's.
The variational Hamiltonian off of the boundary is H =
AT/ + Q. On the boundary, the Hamiltonian is G = ^Tg +
Q, where Q is evaluated along y = 0. Also, P = G + vTK (xf,
tf), where v is a q vector of multipliers. Note that, as a
boundary segment is entered, the multipliers jut are uniquely
determined from the second equation in Eq. (11). As the
boundary is left, p of the A's cannot be determined directly
from these boundary conditions. Note that, in general, an
unconstrained optimal trajectory is characterized as a two-
point boundary-value problem. Here necessary conditions
for an optimal trajectory with a SVIC are formulated as a
multipoint boundary-value problem. Modifications to the
standard MPF (method of perturbation functions12) to in-
clude these additional conditions are considered in the next
section.

Application of Perturbation Method to SVIC

A perturbation method now will be derived to solve the
intermediate boundary-value problem described by Eqs.
(7-11). Again this will be derived for only one SVIC bound-
ary segment. The extension to more than one segment is
straightforward.

Off the constraint boundary, the control is eliminated
from the problem formulation by using the conditions Hu =
0 and Huu > 0. Thus, off the boundary the optimal
trajectory is defined by a system of 2n first-order differential
equations consisting of the first two equations in Eq. (9).
On the boundary, the trajectory is defined by the 2(n — p)
system of equations shown as the first two equations in Eq.
(10). Thus, the problem has been reduced to an inter-
mediate boundary-value problem.

Corresponding to the standard MPF method, unknown
multipliers and unknown boundary times will be guessed.
At the boundary exit, either p of the A's or all of the A's may
be guessed. If all of the A's are guessed, the equation re-
lating A's and ju's may be considered as boundary conditions
to be satisfied by the iteration procedure. The latter pro-
cedure will be followed here. For the second example, the
other procedure will be used. The initial multipliers, multi-
pliers at the boundary exit, the boundary entry time, bound-
ary exit time, and final time will all be guessed. A nominal
trajectory is produced by integrating the x and A equations
from Jo to ti using specified values for XQ and guessed values
for A0. At £1, Z and n are determined from Z = Z(xf) and
\IT — \TN. The equations for Z and /z are integrated from
ti to fa. At fa, x is determined from Z = Z(x,t) and y = 0.
The values of A at fa are guessed, and the x and A equations
are integrated from fa to t f . Changes in the guessed vari-
ables are then related to desired changes in the unsatisfied
boundary conditions using linear perturbation theory.
Corrections to the guessed variables Ao, A2, h, fa, and tf are
calculated to drive all of the unsatisfied boundary conditions
to zero. This procedure is continued until the values of the
conditions are sufficiently small. Boundary conditions
that will not be satisfied by the nominal are given below.

At the boundary entry time, Z = Z(xf) determines Z, and
Mr = x^/V determines M- The (p + 1) unsatisfied boundary
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conditions for the nominal trajectory are

- 0_ r
L

At the exit time, Z = Z(xf) and y(x,t) — 0 determine x
at tz. This leaves (n — p + 1) unsatisfied boundary condi-
tions:

_ [
" L

H - G NZt) (14)

At the final time, the usual (n + 1) unconstrained boundary
conditions are still applicable and are expressed as

hf(xf,\fitf) = 0 (15)
where the v vector has been eliminated from Eq. (8). This
gives (2n + 3) unsatisfied boundary conditions and (2n + 3)
unknowns, which are .X(fo), X(Z2), h, tz, and t f . Corrections
in these quantities are now related to desired changes in
boundary conditions. Define

and then

&, = $(/,2)5*2

(16)

(17)

where $(1,0) and $(/,2) are 2n X 2n transition matrices and
$(2,1) is a 2(n — p) X 2(n — p) transition matrix. Here
$(a,&) denotes the solution of the appropriate set of linear
perturbation equations, which have been integrated from
tb to ta, with the initial conditions at tb set equal to the identity
matrix.

Note that, at a boundary, v is an explicit function of x and
X. Then

Az; = Az (18)
Also, Az = &z + zAZ at the boundaries.

The boundary conditions are expanded about the nominal
and then related to the assumed values of the unknown
boundary condition. For the conditions at h,

+

Using the $ matrix,

(19)

(20)

Since the initial state is fixed, dzQ
T = [Orj5X0

r]. Then only
the last w columns of the $(1,0) matrix are required, and

(21)

where $2(1,0) is the last n columns of the $(1,0) matrix.
Similarly, for £2,

AX2 (22)

where the corrections to X(Z2) are separated from other terms
at tz, since corrections to \(tz) must be calculated.

Since A^2 = 8vz + vzAtz and dv2 = $(2,l)6z;i, then

AX2

(23)

Again, 5^i = At;i — 1)1 A^i and At;i =
A^i, so that

AX2

+

X

(24)

Note that total changes AX2 are calculated for the multi-
pliers at tz and that changes in hz are linearly related to
changes in X(fej,X(fe), fe, and tz.

For the final time,

A/i/ = (<bhf/t>zf)8zf + ti
A/i/ = (t>hf/t

(25a)
(25b)

or
Define (c>/i//c>*/)$(/,2) = [$i(/,2)|$2(/,2)], where $! and $2
are (n + 1) X n matrices. Then

$2(/,2) (26a)
or

*2 + $2(/,2) AX2 -
[*i(/,2)fc + $2(/,2)X2] Ai2 + A/A*, (26b)

Changes in a; are related to changes in z by

Az2 = (-My, - NZt)\ ,2Ai2 + A^2AZ2 (27)
Define Nz such that

or (28)
is an n X 2(n — p) matrix. Then

, = 3>i(f,2)Nz8vz + $2(/,2) AX2 -
[$!(/,2)x2 + $2(/,2)X2 - $i(/,

and

= $2(/,2)AX2 + $1(/,

(29)

Afe - {$i(/,2)^2 + $2(/,2)X2 -
+ Myt + NZt} Ai2 + A, A*, (30)

The three vector equations, Eqs. (21, 24, and 30), must
be solved simultaneously for the corrections to the assumed
values of the unknown quantities. These corrections are
added to the assumed values of the variables, and the itera-
tion procedure is continued until the value of each h is
sufficiently small.

The entire fundamental matrix must be integrated from t\
to t2 and from tz to t / . Thus, the integration of a large number
of variables is required for constrained trajectories.

The major disadvantage of this method is the necessity of
guessing the number of boundary arcs and their approximate
location. For many problems, however, unconstrained
optimal trajectories may be obtained. These unconstrained
trajectories provide insight into the location of boundary
segments. They also provide reasonable estimates for
boundary entry and exit times. If some information about
the location of boundary arcs is available, the convergence
characteristics of the method, presented in the previous dis-
cussion, indicate that it is a feasible method for attacking
problems with SVIC.

In order to check out the method described earlier, it was
used first to calculate the optimal solution to the constrained
Brachistochrone problem discussed in Refs. 1 and 6. The
complete results of this study are shown in Ref. 12. The
method was found to be quite easy to implement for this
example. The method also exhibited good convergence
characteristics for this example. That is, only a reasonably
small number of iterations were required to produce con-
verged trajectories for several initial guesses for the unknown
variables.

Altitude-Constrained Re-Entry

The second example considered is the application of an
altitude constraint to an Apollo-type re-entry trajectory for
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a lunar return mission.
The state equations are

f = V SUIT 0 = V COST cos\l//(r cos<£)

= V COST sin^/r F = ju sin7/r2 — Z)

-y = [_M/(r27) _|_ y/r] COST + L cos/3/7

^ = -y COST cost/' tan0/r - L siu@/(V COST)

(31)

where r is the distance from the center of the earth to the
center of mass of the vehicle, 0 is the longitude, <t> is the lati-
tude, V is the magnitude of the velocity, y is the flight path
angle, ^ is the heading angle, L and D are the lift and drag
per unit mass, M is the gravitational constant, and 13 is the
roll angle of the vehicle (the control). For the Apollo ve-
hicle, the lift coefficient, CL, and the drag coefficient CD are
assumed to be constant. An exponential model is used for
the atmosphere.

Since the two main problems associated with re-entry are
the acceleration and heating, the performance index is chosen
as a linear sum of the integral of the acceleration and the
integral of the convective heating rate. Here

rJ to
+ CD*)"*S*pV* + \CPII2VZ] dt (32)

where S* is the reference area of the vehicle per unit mass, p
is the density of the atmosphere, and Xc is the numerical con-
stant associated with the convective heating rate times a
weighting constant. In this study, Xc is chosen to give ap-
proximately equal weighting to the acceleration and convec-
tive heating terms.

Boundary conditions consist of a specified initial state and
time. Final values of 0, <£, and V are specified, and t/ is
free. A complete description of the re-entry problem con-
sidered here may be found in Refs. 12 and 13. Unconstrained
optimal re-entry trajectories are shown in both references.
Optimal trajectories produced there are skip trajectories with
high peak accelerations. Since optimal trajectories that re-
main in the sensible atmosphere are desired for Apollo mis-
sions, an altitude constraint is applied to trajectory. The
SVIC is thus

S(x,t) = r - rd < 0 (33)
where rd denotes a specified altitude. Since the initial alti-
tude ro will be larger than rd, the constraint applies only after
the re-entry altitude becomes less than or equal to the con-
straint altitude. This is a second-order constraint, as seen
from taking derivatives of S:

S = h = V sinT = 0 (34)
implying y = 0. Also,

S = h = V SUIT + (V COST)T = 0 (35)
implying y = 0, or

cos/3 = - l/rd]/(S*CLp*/2)
sin0 = (1 - cos2/?)1/2 (36)

The plus sign has been chosen for sin/3, since, for this study,
only negative values of $ are considered. It would seem
reasonable to have the vehicle roll in the direction of the de-
sired terminal value of <£, which in this case implies that sin0
should be positive.

On the altitude constraint, the Z variables are chosen as
6, <£, V, and \l/. This is the natural choice for the Z vari-
ables, since this choice gives a one-to-one correspondence be-
tween the /A vector and four variables in the X vector. The
equations for Z are thus

(37)V = -

where cos^ = C\l/, sin^ = S\l/, . . . , have been used. The y
equations are

= r — rd = 0 ?/2 = T = 0 (38)

Boundary conditions at entering and exiting times require
continuity of the state variables, and also

G = H

X0 jJLy '•

r - rd = 0 T = 0
(39)

Additional conditions that must be satisfied at the final
time are

\r(tf) = 0 x7(W = o
H(tf) = 0

= o
(40)

Differential equations for the X's, ju's, and the perturbation
equations are shown in Ref. 12. The reduction to the inter-
mediate boundary-value problem is shown there also.

A nominal trajectory must be produced first. Again one
boundary arc is assumed. The first four conditions of Eq.
(39) can be satisfied on every integration. At fr, the values
of /z are set equal to the numerically integrated values of
\(ti). At fa, four of the XV are set equal to the numerically
integrated values of n(fa). Thus only two of the X variables,
Xr and X7, must be guessed at fa. Also, at fa, the integration
of the x equations is begun with r = rd and y = 0. Hence
the only intermediate boundary conditions that cannot be
satisfied on every iteration are

a t f c G = H

at fa G = H

r - rd = 0 T = 0
(41)

Unknowns associated with the problem include the initial
values of X (six variables), Xr and X7 at fa (two variables), and
the times fa, fa, and t f . Thus there are 11 unknowns. Bound-
ary conditions consist of the seven original terminal conditions
for the unconstrained problem and the four conditions just
shown, or a total of 11 boundary conditions. The number of
boundary conditions is thus equal to the number of un-
knowns, and a well-posed problem exists.

For the numerical calculations, conditions on the Hamil-
tonian are applied in a different manner. Since the Hamil-
tonian is constant along the entire trajectory, it is required
to be zero initially, i.e., H(tQ) = 0. This condition replaces
the last condition in Eq. (40). The continuous Hamiltonian
at the entry and exit boundary times requires that the con-
trol be continuous at the boundaries. This condition may
be expressed as

[/V(r<*F2) ~ 1](X*2 + X7
2)1/2/GS*Cz/W2) + X7 = 0 (42)

All necessary conditions on the Hamiltonian will be satisfied
if these three conditions are satisfied.

For this problem, all of the multipliers at the exit time are
not guessed. In order to decrease the dimensionality of the
linear system to be solved, only the two multipliers Xr and
X7 are guessed. The theory developed in the previous sec-
tion must be altered slightly to include this change. The
effects of AXrCfo) and AX7(£>) are separated out, and changes
in the other X's at fa are linearly related to changes in JJL at
fa. If the two-vector

XM
r == [Xr| (43)

is defined, then the linear equations for h with yt and Zt equal
to zero are

A/ii = (dVdsi)$2(l,0) 5Xo + /iiA^i (45)
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- Altitude (Scale-Miles)

— — —— Velocity (Scale-Mllei/Sec* x 10)

_._.-• Longitude (Scale-Radians x 100)

200

Time (Sect)

Fig. 1 State variables r, 0, and V for optimal, constrained
re-entry.

AX t t

where

and

X

(46)

(47)

(48)

0 1 0 0 0 Oi
0 0 1 0 0 0;
0 0 0 1 0 OJ
0 0 0 0 0 li

10 1 0 0 0 0
n :0 0 1 0 0 0

JO 0 0 1 0 0
iO 0 0 0 0 1.

^ is a 12 X 8 matrix, and $ (/,2) is a 6 X 8 matrix. Also,

(49)

- 'atitude (Scale-radians)

~——— "light °ath (Scale —adians)

•».*_.•» Heading (Scale-radians)

\

"\
Fig. 2

_ _ _ Acceleration (Scale - g's x 10)

Heating Rate (Scale - BTU/Ft2-Sec)

Control (Scale - Radians x 100)

Time (Sec )

Fig. 3 Control, acceleration, and heating rate for optimal
re-entry trajectory.

where
_ TO 0
" LO o

0 0 0 0 1 0 0
0 0 0 0 0 0 0

0 0 01
0 1 OJ

State variables <£, 7, and ^ for optimal, constrained-
re-entry trajectory.

B2 is a 12 X 2 matrix, and $(/,2) is a 6 X 2 matrix.
Thus, $(/,2) separates out the coefficients for AXU, and

<i>(/,2) includes the other terms after realizing that Ar2 and
A72 are zero. All other terms correspond directly to the
previous development.

The numerical values for the initial conditions are r0 =
4035.758 miles (400,000 ft), 00 •= 0.0 rad, <t>0 = 0.0 rad, V0 =
6.8181818 miles/sec (36,000 fps), 70 = 0.1134464 rad (-6.5°),
and ^o = 0.0 rad. The terminal conditions are 6/s = 0.33
rad, <t>fs = —0.025 rad, and V/s = 0.5 miles/sec.

The initial multipliers for the unconstrained trajectory
shown in Ref. 12 will be used as initial multipliers for the
iteration procedure here. These values, guesses for the
unknown vector \u, and guesses for h, tZ) and tj are shown
in Table 1. The constraint altitude chosen is rd — 3995.0
miles. The same numerical integrator discussed earlier is
used here.

Approximately 32 sec of computer time on the CDC 6600
is required for each iteration of the constrained re-entry
trajectory. The method requires 104 iterations to con-
verge. Plots of the states, control, acceleration, and heating
rate are shown in Figs. 1-3.

The modified MPF does very well for the first few itera-
tions, and then the norm begins to decrease very slowly for a
considerable number of iterations. Over this interval, the
signs on the corrections of most of the variables oscillate back
and forth from plus to minus. Elements of the linear system
produced by the transition matrices change only in about
the third or fourth digits. The flight-path angle at tf over
this interval is near —60°. It is changing very rapidly near
the end of the trajectory, and, if the equations are integrated
for a few more seconds past the nominal final time, it quickly
approaches —90°. A singularity exists in the equations
at —90°, and accurate integration near this singularity is
very difficult. The iteration continues for about 70 itera-
tions, slowly increasing 7. After the flight-path angle is
changed to —35°, the method begins to converge very rap-
idly again.

Another problem is that large corrections oscillating from
plus to minus are calculated at h- The control along the
boundary segment is calculated from Eq. (36). If the time
calculated for fa is sufficiently large, the velocity along the
boundary becomes small enough to make the absolute value of
cos/3 greater than one. This indicates that the vehicle
cannot fly at a specified altitude for an infinite time interval.
If the value of £2 is larger than the maximum time interval
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Table 1 Nominal and converged multipliers for
constrained re-entry

Variable Nominal value

Xr0 -1.26588E-3
X00 -9.181666
X^o 26.5966
XFO 2.35619
X70 13.82719
X^0 8.84954
Xr2 l.OE-2
X72 -l.OE-1
ti 70.0
fa 150.0
tf 320.0

Converged value
-1.2772884E-2
-7.40988123

3.3857227
3.15221059

-1.20936003
9.63840795E-1
5.33051908E-3

-8.16314647E-1
85.0966654

184.938154
383.410663

that the vehicle can remain on the boundary, then sin/3
becomes imaginary.

For the preceding iterations, the nominal value of fa ap-
proaches this value after 30 iterations. From this point on,
if large positive corrections are accepted for fa an imaginary
value of sin/3 is obtained. Thus, even though corrections to
fa are oscillating from plus to minus, allowing fairly large
corrections (7.0 sec) results in nominal trajectories that re-
quire imaginary control. Requiring small corrections for
fa and hence the rest of the correction vector slows down the
convergence process and is partially responsible for the large
number of iterations required for convergence.

These two problems also affect convergence for other nearby
optimal trajectories. When the flight-path angle begins to
change rapidly and approach —90°, iteration problems are
encountered. For example, a nearby optimal characterized
by rd = 3995.3 miles and 0/s = 0.34 rad is computed. The
converged values shown in Table 1 are used as initial guesses
for the unknown variables. The trajectory produced after
the third iteration integrates through the singularity (7 =
— 90°) near the end of the trajectory. The method diverges
at this point. If the converged values shown in Table 1 are
used and the final time t/ is changed to 360.0 sec, the method
converges to the new optimal in 17 iterations. Changing
the guess for tf from 383.4 to 360.0 sec allows the method to
iterate without encountering the singularity. Thus, nearby
optimal trajectories can be produced with a relatively few
number of iterations if the singularity is avoided.

It is believed that integration accuracy and hence con-
vergence characteristics would be improved by regularizing
the nonlinear re-entry equations, Eqs. (31). This is done for
unconstrained trajectories calculated in Refs. 11 and 12,
when similar problems are encountered. Results from that
study indicate that regularization does improve convergence
in some cases.

• MPF Solution

— — — »pollo '0 Trajectory

\_I
M?7 Solution

— — — fcpollo 10 Trajectory

Time (Sec- )

Fig. 5 Comparison of control programs for constrained
optimal trajectory and Apollo 10 trajectory.

Trajectories obtained with the altitude SVIC represent
realistic re-entry trajectories. The maximum acceleration
peak is 8.3 g's, and over most of the trajectory the accelera-
tion is 2 or 3 g's. The maximum heating rate for the tra-
jectory is 306.8 Btu/ft2-sec, and the «otal heat absorbed is
24013.2 Btu/ft2. These heating data are calculated using
the equation

Qc = l.l(17600/6.4167°-5)(p/0.0023769)°-5(Vr/26000)3-15

Btu/(ft2-sec) (50)
The method used to generate solutions to problems with

SVIC in this report can produce solutions that violate the
constraint. If the values of the terminal conditions are not
consistent with the inequality constraint, trajectories that
remain on the constraint for a short segment and then violate
the constraint may be produced. For instance, the altitude
constraint limits the range capabilities of the vehicle. If
values of 0/s and <f>fs are specified which cannot be reached
if the vehicle remains below the altitude constraint, the
method will converge to a trajectory with a short segment
on the boundary. After the boundary segment, the vehicle
will roll the lift vector upward and penetrate the constraint
in order to satisfy the boundary conditions. The method
does converge, however, and the solution obtained does give
the user a trajectory with, in general, a small constraint
violation. From observing the trajectory, it will usually be
apparent that the terminal conditions and constraint are
inconsistent. The converged trajectory gives good estimates
of variables to be used for a consistent set of conditions.

Plots of the altitude, control, and acceleration for the
Apollo 10 trajectory are shown in Ref. 13. These graphs

_ _ _ 'polio 10 Trajectory

Time (oeo )

Fig. 4 Comparison of altitude histories for constrained
optimal trajectory and Apollo 10 trajectory.

Fig. 6 Comparison of acceleration histories for con-
strained optimal trajectory and Apollo 10 trajectory.
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" i • MPF Solution

— — — Apollo 10 Trajectory

Fig. 7 Comparison of convective heating rate histories
for constrained optimal trajectory and Apollo 10 tra-

jectory.

are compared with the same plots for the optimal constrained
trajectory computed with rd = 3995.3 miles, 6/s = 0.34 rad,
0/« = -0.025 rad, and V f s - 0.5 miles/sec in Figs. 4-7.
The two trajectories are quite similar. The Apollo vehicle
rolls both to the right and to the left in an attempt to land
in approximately the same plane as the one it is in when it
begins to re-enter the atmosphere. The calculated optimal
trajectories roll only in one direction and hence land out of
the initial flight plane, in this case by —0.025 rad.

The other difference in the two trajectories is the short skip
segment at t = 260 sec for the Apollo trajectory. This skip
is responsible for the small acceleration near the peak of the
skip and also for the high acceleration as the vehicle flies
back into the dense atmosphere. Trajectories that have
the small skip segment in this location are obtained by the
modified MPF if a final value of 0/s is specified which cannot
be reached by the vehicle if it remains below the altitude
constraint.

The total heating for the optimal trajectory is 25,561
Btu/ft2, whereas the heating listed for the Apollo trajectory
is 26,000 Btu/ft2. Hence, the performance index chosen
here permits slightly higher peak accelerations than the
Apollo 10 trajectory but decreases slightly the total heat ab-
sorbed. The results of this comparison show that the choice
of the performance index used here and the inclusion of the
altitude constraint can be used to generate realistic optimal
re-entry trajectories.

Summary

The perturbation method has been modified to solve opti-
mal control problems involving state variable inequality

constraints. Two example problems, constrained Brachi-
stochrone and an altitude-constrained re-entry trajectory,
are solved. The number of iterations required to converge
trajectories is shown to be reasonable in all cases where
singularities in the differential equations are not encountered.
The results obtained for the Apollo re-entry problem are
shown to be realistic optimal trajectories.
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